Sympathetic cooling with ultracold atoms [1] and atomic ions [2] enables ultralow temperatures in systems where direct laser or evaporative cooling is not possible. It has so far been limited to the cooling of other microscopic particles, with masses up to 90 times larger than that of the coolant atom [3] . Here we use ultracold atoms to sympathetically cool the vibrations of a Si 3 N 4 nanomembrane [4, 5] , whose mass exceeds that of the atomic ensemble by a factor of 10 10 . The coupling of atomic and membrane vibrations is mediated by laser light over a macroscopic distance [6, 7] and enhanced by placing the membrane in an optical cavity [8] . We observe cooling of the membrane vibrations from room temperature to 650 ± 230 mK, exploiting the large atom-membrane cooperativity [9] of our hybrid optomechanical system [10, 11] . Our scheme enables ground-state cooling and quantum control of low-frequency oscillators such as nanomembranes or levitated nanoparticles [12] , in a regime where purely optomechanical techniques cannot reach the ground state [8, 9] .
Sympathetic cooling with ultracold atoms [1] and atomic ions [2] enables ultralow temperatures in systems where direct laser or evaporative cooling is not possible. It has so far been limited to the cooling of other microscopic particles, with masses up to 90 times larger than that of the coolant atom [3] . Here we use ultracold atoms to sympathetically cool the vibrations of a Si 3 N 4 nanomembrane [4, 5] , whose mass exceeds that of the atomic ensemble by a factor of 10
10 . The coupling of atomic and membrane vibrations is mediated by laser light over a macroscopic distance [6, 7] and enhanced by placing the membrane in an optical cavity [8] . We observe cooling of the membrane vibrations from room temperature to 650 ± 230 mK, exploiting the large atom-membrane cooperativity [9] of our hybrid optomechanical system [10, 11] . Our scheme enables ground-state cooling and quantum control of low-frequency oscillators such as nanomembranes or levitated nanoparticles [12] , in a regime where purely optomechanical techniques cannot reach the ground state [8, 9] .
The control over micro-and nanomechanical oscillators has recently made impressive progress [13] . First experiments cooled high-frequency mechanical oscillators to the quantum ground state [14] [15] [16] [17] and demonstrated single-phonon control [14] using cryogenic cooling and the techniques of cavity optomechanics [18] . A current challenge is to couple engineered mechanical structures to microscopic quantum systems with good coherence properties, such as atoms [7, 19, 20] , solid-state spin systems [21] [22] [23] , semiconductor quantum dots [24] , or superconducting devices [14, 25] . The resulting hybrid mechanical systems offer new possibilities for quantum control of mechanical vibrations, precision sensing, and quantum-level signal transduction [10, 11, 13, 18] . Ultracold atoms are an attractive choice for hybrid systems because a well-developed toolbox exists for atomic laser cooling and quantum manipulation [26] . It has been proposed to use hybrid mechanical-atomic systems for sympathetic cooling [6, 8, 27] , creating atom-oscillator entanglement [27, 28] and controlling the oscillator on the single-phonon level [29] . However, in the experiments reported so far [7, 19, 20] , the mechanical-atomic coupling was far too weak to realize any of these possibilities.
Sympathetic cooling of mechanical oscillators with laser-cooled atoms has received particular interest, as it would allow one to relax the constraints of cavity optomechanical and feedback cooling techniques [8, 9] . Up to now, sympathetic cooling with atoms and atomic ions has been used to cool other microscopic particles such as different atoms or molecular ions up to the size of proteins [1] [2] [3] , with applications in cold chemistry and quantum technology [26, 30] . In these experiments, the coolant and the target species thermalize through shortrange collisional or electrostatic interactions in a trap. A large difference in their mass reduces the cooling performance, which has prevented extensions to more massive objects.
In our experiment, we use laser light to interface a nanomechanical membrane oscillator with an ultracold atomic ensemble. Radiation-pressure forces couple the membrane vibrations and the atomic motion to the same light field, which mediates a long-distance mechanical atom-membrane interaction [6] . The membrane is placed inside an optical cavity to enhance the coupling [8] , while the atoms are trapped outside the cavity in a separate vacuum chamber. This cavity-enhanced modular approach offers both a sizable coupling strength and the possibility to independently manipulate membrane and atoms.
The coupling mechanism is illustrated in Fig. 1(a) . A thin dielectric membrane acts as mechanical element inside an optical cavity [4] , which is resonantly driven by a strong laser beam. The cavity back mirror has a much higher reflectivity than the input mirror, ensuring that the light leaves the cavity through the input port and interferes with the incoming beam to form a standing wave outside the cavity. This standing wave acts as an optical lattice potential for a cloud of ultracold 87 Rb atoms with axial vibration frequency Ω a near the bottom of the sinusoidal potential wells [26] . As the fundamental mode of the membrane vibrates with frequency Ω m and amplitude x m , it moves back and forth between regions of higher and lower intensity of the intracavity standing wave, thereby modulating the cavity resonance frequency [4] . This optomechanical coupling modulates the phase of the laser beam reflected from the cavity, which results in a periodic displacement of the optical lattice potential with amplitude ∝ Fx m , enhanced by the cavity finesse F 1. If Ω a ≈ Ω m , this leads to resonant coupling of the membrane vibrations to the atomic center-of-mass motion in the lattice. Conversely, if the atoms oscillate with amplitude x a in the lattice, they redistribute photons in the light field and thereby imprint their motion as a power modulation onto the laser beam driving the cavity. Inside the cavity, this gives rise to a modulation ∝ Fx a of the radiation pressure force experienced by the membrane. It was theoretically shown [8] that the resulting atommembrane coupling is described by the Hamiltonian
are the annihilation (creation) operators of the membrane fundamental mode and atomic center-of-mass motion, respectively, and
is the atom-membrane coupling constant for a single vibrational phonon and N atoms of mass m that are identically coupled to the membrane. The coupling scales with the optical field reflectivity r m of the membrane. The factor N m/M 1 describes the mismatch between the mass of the atomic ensemble and the much larger effective mass M of the membrane mode, which reduces the efficiency of the mechanical coupling. In previous experiments without a cavity [7] , this limited the atom-membrane coupling to tens of Hz. Here, the cavity acts as a "lever" that partially compensates the mass mismatch by enhancing both the phase shift of the reflected beam and the radiation pressure force acting on the membrane by F.
We exploit this coupling to sympathetically cool the membrane with the atoms. Strong laser cooling at a rate Γ a g N cools the atomic ensemble to microkelvin temperatures. Due to its interaction with the atoms, the membrane mode is cooled concomitantly with a sympathetic cooling rate [7, 8] 
where we have taken into account the (field) transmittivity t of the optical path between atoms and cavity and the coupling efficiency η to the cavity mode (see Appendix). For a membrane mode coupled with rate Γ m to its thermal environment at temperature T bath and with Γ sym Γ m to the atoms, whose temperature is negligibly small, the membrane is sympathetically cooled to a temperature T T bath Γ m /Γ sym T bath . The experimental setup is sketched in Fig. 1(b) (see also Appendix). We use a 42 nm thin and 1.5 mm × 1.5 mm wide Si 3 N 4 membrane on a Si frame [5] . It vibrates like a square drum with a fundamental mechanical mode of frequency Ω m = 2π × 274 kHz, effective mass M = 140 ng, and energy damping rate Γ m = 0.57 s −1 . The membrane is semi-transparent for light at our wavelength of λ = 780 nm, with r m = 0.42 and negligible absorption (< 10 −5 ). The cavity resonance frequency ω c shows a sinusoidal dependence on the membrane position ( Fig. 1(c) ), and we typically operate on the slope where G = −dω c /dx m is largest [4] . In our single-sided cavity, F depends on the membrane position, offering two points of maximal slope with either low F = 140 or high F = 300. The large cavity linewidth κ Ω m , Ω a ensures that the intracavity field adiabatically follows the membrane and atomic motion.
The coupling laser beam of frequency ω L drives one of the cavity modes with η 2 = 0.7 and detuning ∆ = ω L − ω c . We detect the membrane motion with a separate detection beam. Using the Pound-Drever-Hall technique we create a signal whose low-frequency part is used to stabilize ∆. From the high-frequency part we extract the power spectral density of the membrane displacement S x (Ω) ( Fig. 1(d) ), whose integral is proportional to the temperature T of the membrane mode [18] . To avoid the optomechanical parametric instability [18] , we operate at ∆ < 0, |∆| κ, resulting in weak cavity optomechanical cooling at a rate Γ opt and the optical spring effect, see Fig. 1(d) , whose known characteristics are used to calibrate our system (see Appendix).
At the position of the atoms, the incoming coupling beam has a power P 0 , an approximately gaussian intensity profile with beam waist w 0 = 284 µm and t 2 = 0.8. It is red-detuned by ∆ LA = −2π × 8 GHz from the F = 2 → F = 3 transition of the 87 Rb D 2 line, creating an attractive optical lattice potential [26] . The axial vibration frequency scales as Ω a ∝ P 0 /|∆ LA | and can be adjusted by changing P 0 or ∆ LA . Ultracold atoms are loaded into a 3D-magneto-optical-trap (MOT) overlapping with the optical lattice and further cooled using optical molasses at rate Γ a = 1.0 × 10 4 s −1 to a temperature of 40 µK and density of n a = 8.7 × 10 15 atoms/m 3 in a cloud of R a = 3.5 mm radius.
We first demonstrate sympathetic cooling of the membrane by performing time-resolved measurements of the membrane temperature T . A measurement with F = 140 is shown in Fig. 2(a) . The three-step sequence starts with P 0 = 5.5 mW and a MOT cooled atomic ensemble (configuration A). Cavity optomechanical cooling already cools the membrane from room temperature to 30 K, while the atoms have no effect because Ω a Ω m . We then switch to molasses cooling and P 0 = 16.5 mW, thereby tuning the atoms into resonance (configuration B). Now a steep decline of the membrane temperature is observed, see the red curve. The initial slope corresponds to the total damping rate of the membrane in the presence of sympathetic and cavity optomechanical cooling, Γ tot = Γ m + Γ sym + Γ opt , and we obtain Γ tot = 111 ± 1 s −1 from a fit to the data. The membrane temperature reaches a minimum of T sym = 1.5 ± 0.3 K, determined by averaging over 20 experimental runs and a time window of 44 ms, which is about five times the thermalization time 1/Γ tot . The minimum agrees with the expected value T sym = T bath Γ m /Γ tot within one standard deviation. The slow increase in T afterwards is caused by atom loss due to the finite molasses lifetime of 0.65 s. In configuration C the atomic laser cooling is switched off. For comparison, we repeat the experiment without atoms in the lattice (by detuning the MOT lasers), as shown in the blue curve, which sets Γ sym = 0 so that only cavity optomechanical cooling is present and the temperature equilibrates at
We repeat the experiment with F = 300, see Fig. 2 (b). This increases both Γ sym and Γ opt , resulting in lower temperatures with a minimum of T sym = 650 ± 230 mK. Here, the uncertainty is mainly due to day-to-day variations of the temperature calibration. In all measurements, Γ sym > Γ opt and the atoms provide the dominant cooling effect.
To study the resonance characteristics of the sympathetic cooling, we measure the membrane temperature with and without atoms as a function of P 0 , see Fig. 3 (a). Through P 0 we effectively adjust the atomic vibration frequency. We now keep P 0 constant during the entire sequence and record S x (Ω) in a time window of 380 ms starting when the minimum T is reached. The data without atoms is described well by the theory of cavity optomechanical cooling [18] . We find that laser amplitude and frequency noise limits the achievable cooling factors and extract the effective bath temperature T bath (P 0 ) from a fit to the data (see Appendix).
The data with atoms in Fig. 3 (a) shows that sympathetic cooling turns on abruptly around P 0 = 14 mW. We extract Γ sym from the measured temperatures,
and plot the result in Fig. 3(b) . The horizontal axis shows the atomic frequency in the center of the lattice, calibrated independently by trap spectroscopy (see Appendix). To explain the step-like behavior, we note that the atomic cloud is much larger than the laser beam waist, R a w 0 , and that the intensity profile leads to a dependence Ω a (r) = Ω a (0)e We measure the sympathetic cooling rate Γsym for different atom-light detunings ∆LA and plot the result as a function of (a) power P0 and (b) atomic frequency Ωa(0). To take this data, we perform membrane ringdown measurements with and without atoms in the lattice and obtain Γsym from the difference in decay rates. [7] We find that Γsym starts to rise at different values of P0 for different detunings ∆LA as shown (a). If, on the other hand, we plot the same data as a function of Ωa(0) ∝ P0/|∆LA|, the steps coincide, see (b). This is a further proof that the membrane is cooled by coupling to atomic motion. The variation in the overall strength of Γsym between datasets is due to a drift of the membrane position inside the cavity.
the membrane, so that Γ sym 0. The sympathetic cooling turns on at the power where Ω a (0) = Ω m , so that atoms in the center of the lattice are resonant. For larger P 0 , atoms in the center are again off-resonant, but there are always atoms in the wings of the intensity profile for which Ω a (r) = Ω m , so that Γ sym remains constant. For a quantitative analysis, we integrate the sympathetic cooling rate over the atomic cloud and obtain a step-like behavior with Γ int sym
/Ω m is the number of resonantly coupled atoms (see Appendix). The solid line in Fig. 3(b) shows a fit with this model using n a as the only free parameter. From the fit, we obtain n a = (4.5 ± 0.3) × 10 15 atoms/m 3 , which is smaller by a factor 0.52 than the value measured by absorption imaging at the beginning of the sequence. This is reasonable as atom loss decreases n a over the duration of the measurement. As a further proof that the membrane is cooled by coupling to atomic motion, we record Γ sym (P 0 ) for different atom-light detunings ∆ LA and observe that the step occurs always at the same value of Ω a (0) ∝ P 0 /|∆ LA | (Fig. 4) .
From the data in Fig. 2(b) , we obtain Γ sym = 390 s −1 , g Nr = 1.3 × 10 3 s −1 and N r = 9.1 × 10 4 . The mass ratio of the membrane and the resonantly coupled atoms is M/(N r m) = 1 × 10 10 . Still, the light-mediated atommembrane coupling is efficient and cools the membrane mode a factor 450 below room temperature. By comparison, previous experiments on the sympathetic cooling of large molecular ions in an ion trap involved mass ratios of up to ≈ 90, resulting in similar cooling factors and final temperatures [3] .
In a more general context, our system can be characterized by the atom-membrane cooperativity C = 4g
, which quantifies the ability to coherently exchange energy between atoms and membrane [9] . It is directly related to the sympathetic cooling rate, and for our data C = Γ sym /Γ m = 680. For groundstate cooling of the membrane, we require C > n bath k B T bath / Ω m , as has been shown in a fully quantummechanical theory of our system that includes effects such as radiation-pressure noise [8, 9] . This regime can be reached with realistic improvements [8] , the most important being an increase of atomic density to n a = 1 × 10 17 atoms/m 3 , suppression of technical laser noise, and placing the membrane in a cryogenic environment at T bath = 4 K (see Appendix). It is noteworthy that sympathetic ground-state cooling of the membrane is possible in a regime of large κ where neither cavity optomechanical nor feedback cooling (cold damping) can reach the ground state [8, 9] . In particular, the resolved-sideband condition κ < Ω m is not required, making sympathetic cooling an attractive option for low-frequency oscillators such as levitated nanoparticles [12] .
Our system offers many possibilities for quantum control. Because C > 1, the current setup allows the study of effects analogous to electromagnetically induced transparency [18] . For the improved parameters mentioned above, switching off atomic laser cooling gives access to the strong-coupling regime [8] . Furthermore, by transducing the membrane vibrations into a polarization change, they can be coupled to the internal atomic state. This allows the creation of Einstein-PodolskyRosen entanglement between atoms and membrane without requiring ground-state cooling of the membrane [28] . Lastly, Rydberg blockade techniques enable control on the single-phonon level [29] , offering exciting opportunities for investigating quantum physics with massive objects.
We use a commercial Si 3 N 4 square membrane of thickness d = 42 nm and lateral size l × l = 1.5 mm × 1.5 mm supported by a Si frame [5] . The fundamental square drum mode of the membrane has a frequency of Ω m = 2π × 274 kHz and an intrinsic mechanical quality factor of Q m = Ω m /Γ m = 3 × 10 6 at room temperature, where Γ m is the mechanical energy damping rate. The membrane is mounted inside a single-sided Fabry-Perot cavity of length L = 26 mm whose front (back) mirror has an intensity reflectivity of R 1 = 96.5% (R 2 > 99.99%). Attocube positioners are used for membrane angular alignment and positioning along the optical axis.
The optical transmission and reflection spectra of the cavity-membrane system are calculated by solving a system of two coupled cavities, with the membrane as the common mirror [31] . The cavity resonance frequencies depend on the membrane position as
with membrane (field) reflectivity r m , optical wavelength λ = 780 nm, frequency offset ω 0 , cavity free spectral range ω FSR = πc/L = 2π × 5.7 GHz, and speed of light c. Using this equation we fit the cavity transmission spectrum (see Fig. 1(c) ) with the membrane reflectivity as free parameter, which yields |r m | = 0.42. Calculating the expected reflectivity of a thin dielectric plate allows us to determine d, assuming a refractive index [5] of 2.0 for Si 3 N 4 . From the measured ω c (x m ) we determine the cavity frequency shift per membrane displacement, G = −dω c /dx m . The maxima are given by
In a single-sided cavity, the cavity finesse F = ω FSR /κ depends on the membrane position, which is visible as a change in peak height (color scale) in Fig. 1(c) . The observed values of F = 140 . . . 300 correspond to a cavity intensity decay rate of κ = 2π × (41 . . . 19) MHz. The expected finesse is determined from the calculated transmission spectrum and fit to the data, with R 1 as free parameter, assuming R 2 = 99.99%. There are two regions with maximal dispersive coupling |G| but different F, corresponding to the light field being mostly in the front sub-cavity (low finesse) or back sub-cavity (high finesse). Interestingly, in between there is a region with zero dispersive coupling but finite slope dF/dx m , corresponding to a dissipative coupling regime [32, 33] .
Cavity optomechanical cooling, laser noise and temperature calibration
The lattice and detection light derives from an external cavity stabilized diode laser at λ = 780 nm with a tapered amplifier. The laser is stabilized to a reference cavity to reduce laser frequency noise. The light is split into two paths, one for the lattice beam and one for the membrane detection. Both paths are intensity stabilized with an acousto-optic modulator of the same frequency and coupled to the cavity with orthogonal polarization. Sidebands at 237 MHz are phase-modulated onto the detection beam to create a Pound-Drever-Hall error signal which is used to lock the laser frequency to the cavity resonance and to independently readout the membrane vibrations.
In the absence of atoms in the lattice, the interaction between the membrane vibrations and the intracavity light field still gives rise to cavity optomechanical cooling of the membrane with a cooling rate Γ opt and a membrane frequency shift δΩ m , the optical spring effect [18] . These phenomena have previously been studied and we use their known dependence on laser power and detuning to calibrate our experiment. The cavity optomechanical cooling rate is given by [18] 
, where g 0 = Gx m,0 is the single-phonon optomechanical coupling strength, x m,0 = /2M Ω m the membrane zero-point motion and
the intracavity photon number. Here, P tot = η 2 (t 2 P 0 + P det ) is the total laser power coupled to the cavity. The lattice laser power P 0 is measured at the position of the atoms, t 2 = 0.80 is the measured transmittance of the optical path between atoms and cavity, and η 2 = 0.7 is the coupling efficiency to the cavity TEM 00 mode, which we estimate from the relative intensity of the TEM 00 and higher-order transverse modes. Moreover, we have taken into account the small contribution P det due to the readout beam. Cavity optomechanical cooling decreases the membrane temperature to T opt = T bath Γ m /(Γ m + Γ opt ). This simple expression is valid as long as the quantum limits of cavity optomechanical cooling do not yet play a role, which is well satisfied in our experiment.
The blue datapoints in Fig. 3(a) show measurements of T opt for different power levels P 0 , in the absence of atoms in the lattice. Experimentally, the temperature of the membrane is determined via the equipartition theorem from the measured variance of the displacement,
by the integral of the (single-sided) power spectral density of the mechanical displacement, S x (Ω). To calibrate S x as recorded by the spectrum analyzer, we use the room-temperature thermal motion of the membrane as a reference, see below. At low power P tot , the bath temperature T bath T 0 , which is the temperature of the membrane support (room temperature in our case). At larger P tot , we observe that laser noise starts to limit the optomechanical cooling [18] . It can be modeled as an effective increase of the bath temperature T bath = T 0 + T L , where
Here, S F,int (Ω m ) and S F,freq (Ω m ) are the force noise power spectral densities (PSD) due to laser intensity and frequency noise, respectively, which are evaluated at Ω m . For our experiment where Ω m < |∆| κ, we find
with Gn c the mean radiation pressure force experienced by the membrane and S I (Ω m ) the relative laser intensity noise PSD. The PSD of the frequency noise Sφ(Ω m ) is converted to relative intensity noise by the prefactor (8∆/κ 2 ) 2 . Sincen c ∝ P tot , the cooling rate scales as Γ opt ∝ P tot and the laser noise temperature as T L ∝ P 2 tot . To calibrate the parameters of our system, we thus fit a function T opt = Γ m (T 0 + βP 2 tot )/(Γ m + αP tot ) to measurements of T opt (P tot ), with α, β, and T 0 as free parameters, see the solid blue line in Fig. 3(a) . From this fit, we obtain the temperature calibration by rescaling S x so that T 0 = 295 K. From the parameter α we obtain the detuning ∆, which is difficult to determine by other means in our regime of |∆| κ. All other parameters entering α have been determined independently. In particular, the effective mass M has been obtained from a similar fit to data with a large and known ∆. We find M = 140 ng, which is a factor of 2.2 bigger than the calculated effective mass M calc = ρdl 2 /4 for a membrane interrogated in the center of the fundamental mode, where ρ = 2700 kg/m 3 is the mass density of Si 3 N 4 . The difference can be explained by a transverse displacement of the membrane geometric center from the cavity axis, which leads to a smaller displacement (corresponding to larger M ) at the position where the optical mode overlaps with the membrane.
The parameter β allows us to compare the laser noise model with independent measurements of the noise spectra S I (Ω) and Sφ(Ω) carried out with an imbalanced Michelson interferometer. We typically measure S I (Ω m ) = 2.5×10 −15 /Hz = −146 dBc/Hz and Sφ(Ω m ) = (2π) 2 × 256 Hz 2 /Hz at P 0 = 16.5 mW. At low power we observe a dependence of the relative intensity noise S I (Ω) on P tot . We can neglect this dependence in our model, because at those power levels laser noise does not influence the cooling performance and T bath T 0 . The measured noise spectra indicate that both intensity and frequency noise are relevant in our experiment. Comparing the value of β calculated from the noise spectra with that obtained from the fit to the optomechanical cooling data, we find agreement to within 14%.
We perform such a calibration for the datasets in Fig. 2  and Fig. 3 separately, because the sensitivity of our detection system as well as the laser noise level changes over time. The scatter in the temperature calibration factor is about 35% from day to day. For the lowest measured temperature achieved by sympathetic cooling we have therefore quoted an error bar of ±35% as a conservative estimate.
In addition to the optomechanical damping Γ opt we observe a membrane frequency shift δΩ m /P tot = −2π × 11 kHz/W with laser power P tot , visible e.g. in the inset of Fig. 3(a) . The dominant contribution to this shift comes from the optical spring effect [18] , which for κ |∆|, Ω m can be expressed as δΩ m,opt = −(κ/8Ω m )Γ opt , and we find δΩ m,opt /δΩ m = 0.89 for our data. We explain the residual frequency shift by heating of the membrane due to absorption of laser light, which results in a frequency shift as the thermal expansion reduces the tensile stress in the silicon nitride film. For low-stress silicon nitride membranes, this effect was systematically studied in a recent paper [34] . The observed frequency shift for the stoichiometric Si 3 N 4 membranes in our current experiments is reduced by a factor ≈ 10 4 compared to low-stress membranes of the same dimensions and at the same optical power incident on the membrane. Using the model of ref. [34] but taking into account that the thermal conductivity of stoichiometric Si 3 N 4 is about a factor of 10 higher than that of low-stress silicon nitride [8] , we find that at 780 nm, a fraction of 4×10 −6 of the optical power is absorbed in a single pass through the membrane. The corresponding increase of T bath in the membrane center is 2.3 K for P 0 = 16.5 mW, which has negligible effect on the sympathetic cooling in our experiment.
Optical lattice and laser cooling of atoms
At the position of the atoms, the incoming lattice laser beam has a power P 0 and an approximately gaussian intensity profile with a beam waist (e −2 radius) of w 0 = 284 µm, so that the peak intensity of the beam is I 0 = 2P 0 /πw 2 0 . The power of the lattice beam that is coupled to the cavity TEM 00 mode is P in = η 2 t 2 P 0 . We observe that the fraction of the light not coupled to the TEM 00 mode is scattered off the cavity in a divergent spatial mode. If we assume that this light does not find its way back to the atoms, we expect the power of the reflected beam at the position of the atoms, P r , to be reduced by a factor P r /P 0 = η 2 t 4 = 0.45. An independent measurement yields P r /P 0 = 0.51.
The interference of the incoming and the reflected beams gives rise to an optical lattice potential of the form
where k L = 2π/λ is the wave vector of the light,
2 is a constant offset and V m = 4ηt 2 V 0 the modulation depth of the potential. The phase shift φ of the reflected beam with respect to the incoming beam depends on the membrane position, see below. For a linearly polarized laser beam whose detuning is large compared to the excited-state hyperfine splitting of the 87 Rb D 2 line, the single-beam optical dipole potential is
where I s = 1.7 mW/cm 2 is the saturation intensity of the cycling transition, Γ = 2π × 6.1 MHz is the natural linewidth of the D 2 line, and the detuning ∆ LA = ω L −ω A is defined with respect to the F = 2 hyperfine component of the ground state [35] . In a harmonic approximation to the bottom of the potential well, the axial vibration frequency of the atoms in the lattice is
The dependence on the radial position r in the lattice arises because of the gaussian laser intensity profile.
Since Ω a ∝ P 0 /∆ LA , we can tune it by changing the laser beam power P 0 and/or the detuning ∆ LA . For P 0 = 16.5 mW and ∆ LA = −2π × 8 GHz as in Fig. 2 , we calculate a trap frequency in the center of the lattice of Ω a (0) = 2π × 348 kHz. We independently calibrate the atomic trap frequency by applying a weak sinusoidal intensity modulation to the lattice laser beam for a duration of 10 ms during which the optical molasses cooling is switched off. This leads to parametric heating of the atom cloud and loss of atoms from the trap. From the observed excitation spectra, we read off a trap frequency of Ω a (0) = 2π × 302 kHz for the above parameters. This is in reasonable agreement with the calculated value. We attribute the difference to deviations from a gaussian beam profile, which we observe for the beam reflected from the cavity. In our analysis of the sympathetic cooling data, we use the measured trap frequencies.
The spontaneous photon scattering rate in the optical lattice is Γ sc = ΓU dip / ∆ LA , which amounts to Γ sc = 4.0 × 10 4 s −1 in the lattice center for P 0 = 16.5 mW and ∆ LA = −2π × 8 GHz.
A magneto-optical trap overlapped with the lattice laser beam is used to prepare 2 × 10 9 laser-cooled atoms.
The atoms are then further cooled using optical molasses to a temperature of 40 µK at a peak density of n a ≈ 8.7 × 10 9 cm −3 as determined from absorption images. The measured molasses lifetime is 0.65 s. We measure the atomic laser cooling rate Γ a = 1.0 × 10 4 s −1 by recording the atomic temperature decrease after turning on the molasses.
Atom-membrane coupling strength and sympathetic cooling rate
A fully quantized theory of the membrane-light-atom interaction has recently been published [8] . It shows that the atom-membrane coupling is described by the Hamiltonian
with the coupling constant g N given in Eq. (1) of the paper. In addition, the theory provides expressions for the relevant dissipation mechanisms, the quantum limits of sympathetic cooling, and the conditions for strong coupling. The Hamiltonian Eq. (12) describes the coupling in a lossless system. In our experiment, the cavity incoupling efficiency η < 1 and the optical transmittance between atoms and cavity t < 1 lead to photon loss. The main consequence for sympathetic cooling is the appearance of a factor η 2 t 2 in the cooling rate Eq. (2). More generally, the losses lead to an asymmetry in the coupling, and the theory of cascaded quantum systems is required to describe the dynamics. This has been analyzed in detail for a system where atoms in a lattice are coupled to a membrane without an optical cavity [6, 7] . The losses in the present system can be treated along similar lines.
In the following, we derive the atom-membrane coupling strength including the effect of photon loss, treating the light field classically. This is justified for our parameters where the light acts essentially as a "spring" between atoms and membrane. For a single-sided cavity with intensity decay rate κ driven by a laser beam with detuning ∆ = ω L − ω c from cavity resonance, the phase shift of the beam reflected from the cavity with respect to the incoming beam is [18] 
whose derivative with respect to the detuning is
For |∆| κ as in our experiment, we obtain φ 0 and dφ/d∆ 4/κ. A small membrane displacement x m shifts the cavity frequency by δω c = −Gx m and thus the phase of the reflected beam by δφ = −(dφ/d∆)δω c = (4/κ)Gx m . This leads to a displacement of the minima of the optical lattice potential by δx = −δφ/2k L , see Eq. (9) . In a harmonic approximation to the bottom of the lattice potential wells, the resulting force on each atom is F a = mΩ
The force on the center-of-mass of an ensemble of N atoms is F cm = N F a . For a membrane placed at the slope of the intracavity standing wave we have G = G max and find
where we have defined a coupling spring constant K which couples the membrane displacement to the centerof-mass motion of the atoms in the lattice [7] [8] [9] . It is directly connected to the single-phonon coupling constant g N = Kx m,0 x a,0 / , where x m,0 = /2M Ω m and x a,0 = /2N mΩ a are the quantum mechanical zeropoint amplitudes of the membrane and atomic center-ofmass motion, respectively.
Conversely, an atom displaced by x a from the bottom of the potential well experiences a restoring optical dipole force
On a microscopic level, this force is due to absorption and stimulated emission, leading to a redistribution of photons between the incoming and reflected laser beams which form the lattice potential [36] . Each absorption-emission event between the counterpropagating beams imparts a momentum kick of ±2 k L to the atom. For N atoms in the lattice, the corresponding photon redistribution rate iṡ n p = N F d /(2 k L ), which leads to a power modulation of the laser beam after it has passed through the atomic ensemble of δP 0 =ṅ p ω L = (c/2)N F d , where c is the speed of light. The power modulation of the coupling beam leads to a modulation of the mean photon number n c inside the cavity. For a single-sided cavity, we havē
with P in = η 2 t 2 P 0 the input power to the cavity. For |∆| κ we obtain a modulation δn c (4/κ)η 2 t 2 (δP 0 / ω c ). In an optomechanical system [18] , the mean radiation-pressure force experienced by the mechanical element is F rad = Gn c . The motion of the atoms in the lattice thus leads to a modulation of the radiation pressure force on the membrane of δF rad =
We thus find that for a comparable displacement, the force on the membrane is smaller by a factor η 2 t 2 than the corresponding force on the atoms [7] .
The membrane vibrations and the atomic centerof-mass motion can be described as harmonic oscillators coupled through F cm and δF rad , with equations of motion [7, 9] 
where F th describes the fluctuating thermal force due to the coupling of the membrane to the environment at temperature T bath . Since the atomic temperature is negligibly small in our experiment, we have suppressed the corresponding term. Fourier transforming the equations of motion we obtaiñ
with the mechanical susceptibilities
and
where we made a Lorentzian approximation valid for Ω a Γ a and Ω m Γ m . Eliminatingx a in Eqs. (18) we obtain for the membrane amplitudẽ
For Γ a g N , Γ m as in our experiment, we can replace Ω → Ω m in the last term in the denominator and obtaiñ
where Γ sym is the sympathetic cooling rate given in Eq. (2) of the paper, δΩ m = (Ω a − Ω m )Γ sym /Γ a is a frequency shift of the membrane resonance, and χ (Ω) is the effective susceptibility of the membrane coupled to the atoms. The additional damping introduced by Γ sym decreases the response of the membrane to the thermal forceF th and thus leads to cooling. The membrane displacement spectrum is given by S x (Ω) = |χ (Ω)| 2 S F,th , where S F,th = 4M Γ m k B T bath is the (single-sided) thermal force noise PSD. Integrating the spectrum, we obtain a membrane steady-state temperature of T = T bath Γ m /(Γ m + Γ sym ). We note that in the limit g N Γ a , Γ m , Eq. (19) describes a hybridization of the atom and membrane oscillators into normal modes [9] .
Ensemble-integrated sympathetic cooling rate
In our experiment, the cloud of molasses atoms has a radius R a that is much larger than the waist w 0 of the coupling laser beam. Atoms at different radial positions r in the lattice experience different axial vibration frequencies, Ω a (r) = Ω a (0)e −r 2 /w 2 0 , see Eq. (11). The dependence of Ω a on the longitudinal position in the lattice is negligible. From absorption images, we find that the atomic number density n a in the molasses is approximately constant over the lattice profile. To quantitatively model the data in Fig. 3(b) , we integrate the sympathetic cooling rate over the lattice laser beam profile, 
where N lat = 2R a πw 2 0 n a is the number of atoms in the lattice volume. Using Eq. (2) and (1) we obtain
where
Ωm . Since R a w 0 we take the lower integration limit Ω a (R a ) → 0 and find 
Here, N r = N lat (πΓ a /2Ω m ) = π 2 R a w 
which is a step-like function with step width Γ a and step height 4g
2 Nr η 2 t 2 /Γ a . To analyze our measurement we fit the complete function in Eq. (24) to the data with n a as the only free parameter.
Parameters required for ground-state cooling
In our experiment, a minimum phonon number of n ss = 5 × 10 4 was reached cooling down from an effective thermal bath occupation of n bath = 5 × 10 7 . In this section we provide parameters of an improved experimental setup that can sympathetically cool the membrane mode to the vibrational ground state (n ss < 1). The estimate is based on a fully quantum mechanical description of our system [8] that includes dissipation mechanisms such as radiation pressure noise on membrane and atoms and thermal heating of the membrane by laser absorption. In addition, we consider technical laser noise and the spatial variation of the cooling rate due to the laser intensity profile.
In the improved setup, the membrane is cryogenically pre-cooled to T 0 = 4 K. The mechanical quality factor can be increased using higher vibrational modes of the membrane [37] , and we consider the (4, 4)-mode with Ω m = 2π × 1.1 MHz and Q m = 4 × 10 7 . Using a shorter cavity (L = 1 mm) of moderate finesse F = 10 3 increases κ and thus suppresses the effect of laser frequency noise. Regarding intensity noise, we point out that shot-noise-limited operation has been achieved in a membrane optomechanical setup at two orders of magnitude higher intracavity photon number than required here [38] . Improving the alignment, we have M = 63.5 ng, and t 2 = η 2 = 0.9 seem feasible. A blue-detuned coupling lattice in combination with a far-detuned transverse 2D lattice suppresses lightassisted collisions of the atoms, enabling a smaller atomlight detuning ∆ LA = 2π × 0.5 GHz and a higher atomic density n a = 1 × 10 17 atoms/m 3 . Raman sideband cooling has been used to cool large ensembles of atoms to the vibrational ground state of a lattice at comparable densities [39] . We assume a laser cooling rate Γ a = 4 × 10 4 s −1 , P 0 = 0.5 mW, and w 0 = 70 µm. With these parameters, the resonant atom number is N r = 1 × 10 5 , the atom-membrane cooperativity C = 4 × 10 5 and it is possible to cool the membrane mode to a steady-state phonon number n ss = 0.75, taking into account thermal heating of the membrane by laser absorption [8] .
Recently it was shown [9] that sympathetic cooling with atoms can provide ground-state cooling of the membrane in a regime where cavity optomechanical cooling cannot reach the ground state because the system operates in the non-resolved sideband limit Ω m κ, and feedback cooling (cold damping) cannot reach it either because the optomechanical cooperativity c m = 4g
